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• A sequence graph 𝐺 𝑉, 𝐸, 𝜎 is a directed labeled graph
• Function 𝜎: 𝑉 → 𝚺! labels each vertex with a string over the alphabet 
𝚺={A, C, G, T}
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• Given a query and a sequence graph, find a walk in the graph so that 
the edit distance between the query and the walk is minimized.
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Edit distance between two sequences

• DP recurrence to compute edit 
distance between two strings
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Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment

• DP recurrence to compute 
sequence-to-graph alignment

0 1 2

1 0 1

2 1 1

3 2 2

4 3 2

5 4 3

6 5 4

7 6 5
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2 3 4

1 3 4

1 1 2

2 1 2

2 2 1

1 2 2

2 2 3

3 3 2

2 3

1 2

1 2

2 2

1 3

2 1

3 2

4 3

T G C A G

T

A

A

G

C

T

G

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment

• DP recurrence to compute 
sequence-to-graph alignment

0

0 1

1 1

2 2

2
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1

1 1 2

1 2

1

1 2 2

2 2

2

1 2

1 2

2 2

1

1

2

T G C A G

T

A

A

G

C

T

G

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment

• DP recurrence to compute 
sequence-to-graph alignment

0

37

T G C A G

T

A

A

G

C

T

G

0

Initial state, d=0

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment

• DP recurrence to compute 
sequence-to-graph alignment

0

0

38

T G C A G

T

A

A

G

C

T

G

1

Extension step, d=0

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment

• DP recurrence to compute 
sequence-to-graph alignment

0

0
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T G C A G

T

A

A

G

C

T

G

1

d=0

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment

• DP recurrence to compute 
sequence-to-graph alignment

0

0 1

1 1
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T G C A G

T

A

A

G

C

T

G

2 2
1

Expansion step, d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment
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sequence-to-graph alignment

0

0 1

1 1
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T G C A G

T

A

A

G

C

T

G

2 2
1

d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



0

0

0

0

Edit distance of sequence to graph alignment

• DP recurrence to compute 
sequence-to-graph alignment

0

0 1

1 1
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1

1
1

1

T G C A G

T

A

A

G

C

T

G

2 2
1

Extension step, d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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• DP recurrence to compute 
sequence-to-graph alignment

0

0 1

1 1
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1

1 1

1

1

1

1

T G C A G

T

A

A

G

C

T

G

2 2
1 0

0

1

2

Extension step, d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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sequence-to-graph alignment

0

0 1

1 1
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1

1 1

1

1

1

1

1

T G C A G

T

A

A

G

C

T

G

2 2
1 0

0

1

2

0

Extension step, d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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sequence-to-graph alignment

0

0 1

1 1
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1

1 1

1

1

1

1

1

1

T G C A G

T

A

A

G

C

T

G

2 2
1 0

0

1

2

1

Extension step, d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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sequence-to-graph alignment

0
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1 1
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1

1 1

1

1

1

1

1

1

1

T G C A G

T

A

A

G

C

T

G

2 2
1 0

0

1

2

1
0

Extension step, d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment
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0

0 1

1 1
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1

1 1

1

1

1

1

1

1

1

T G C A G

T

A

A

G

C

T

G

2 2
1 0

0

1

2

1
0

Extension step, d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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sequence-to-graph alignment

0
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1 1
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1

1 1

1

1

1

1

1

1

1

T G C A G

T

A

A

G

C

T

G

2 2
1 0

0

1

2

1
0

d=1

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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0

0 1

1 1

2 2
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1

1 1 2

1 2

1

1 2 2

2 2

1 2

1 2

2 2

1

1

2

T G C A G

T

A

A

G

C

T

G

2 2
2 0

0

2

2

1
1

1

1

2
1

0

1

2

Expansion step, d=2

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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0

0 1

1 1

2 2
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1

1 1 2

1 2

1

1 2 2

2 2

1 2

1 2

2 2

1

1

2

T G C A G

T

A

A

G

C

T

G

2 2
2 0

0

1

1

1

2

2

1

2
1

0

1

2

d=2

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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0

0 1

1 1

2 2
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1

1 1 2

1 2

1

1 2 2

2 2

2

1 2

1 2

2 2

1

1

2

T G C A G

T

A

A

G

C

T

G

2 2
2 0

0

1

1

1

2

2

1

2
1

0

1

2

Extension step, d=2

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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1

1 1 2

1 2

1

1 2 2

2 2

2

1 2

1 2

2 2

1

1

2

T G C A G

T

A

A

G

C

T

G

2 2
2 0

0

1

1

1

2

2

2

2
1

0

2

2

Extension step, d=2

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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1

1 1 2

1 2

1

1 2 2

2 2

2

1 2

1 2

2 2

1

1

2

T G C A G

T

A

A

G

C

T

G

2 2
2 0

0

1

1

1

2

2

2

2
1

0

2

2

Extension step, d=2

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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1

1 1 2

1 2

1

1 2 2

2 2

2

1 2

1 2

2 2

1

1

2

T G C A G

T

A

A

G

C

T

G

2 2
2 0

0

1

1

1

2

2

2

2
1

0

2

2

d=2

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)
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sequence-to-graph alignment
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Return min cost, d=2

Hi,v,j = min



















Hi−1,v,j + 1, i ≥ 1

Hi,v,j−1 + 1, j ≥ 1

Hi−1,v,j−1 +∆i,v,j , i ≥ 1, j ≥ 1

Hi,u,|σ(u)|, j = 0, ∀u, (u, v) ∈ E

(1)

J̃d,v,k =max



















H̃d−1,v,k−1

H̃d−1,v,k+1 + 1

H̃d−1,v,k + 1

0, ∃u, (u, v) ∈ E, H̃d,u,k−|σ(u)| = |σ(u)|

H̃d,v,k =j + LCP (q[i+ 1, |q|],σ(v)[j + 1, |σ(v)|]) ,

j = J̃d,v,k, i = k + j

(2)



Edit distance of sequence to graph alignment

• We use an array to keep the 
offset of the furthest cell and a 
queue to keep the diagonals that 
contain the furthest cells with d 0
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Return min cost, d=2

Algorithm 1: Graph wavefront algorithm to find the optimal global
sequence to graph alignment

Input: Query sequence q, sequence graph G = (V,E,σ), start vertex vs ∈ V and
end vertex ve ∈ V .

1 function GwfEditDist(q,G, vs, ve) begin
2 ke ← |q|− |ve|

3 H̃vs,0 ← 0
4 Q← [(vs, 0)]
5 d← 0
6 while true do

7 GwfExtend(q,G,Q, H̃)

8 if H̃ve,ke
= |ve| then

9 return d

10 d← d+ 1

11 GwfExpand(q,G,Q, H̃)



Graph wavefront pruning

• Find the max sum of aligned 
query length and graph walk 
length

• Prune the wavefront left behind
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Pruning, d=2



Graph wavefront pruning

• Find the max sum of aligned 
query length and graph walk 
length
• 6 + 6 = 12

• Prune the wavefront left behind
• 1 + 3 = 4  <<  12
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Pruning, d=2



Graph wavefront pruning

• Find the max sum of aligned 
query length and graph walk 
length
• 6 + 6 = 12

• Prune the wavefront left behind
• 1 + 3 = 4  <<  12
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Pruning, d=2


